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Abstract
We study a holographic construction of quantum rotating BTZ black holes that incorporates
the exact backreaction from strongly coupled quantum conformal fields. It is based on an exact
four-dimensional solution for a black hole localized on a brane in AdS4, first discussed some time
ago but never fully investigated in this manner. We obtain the renormalized stress tensor, and
find that its dependence on the mass and angular momentum of the black hole is not affected
by the strength of the backreaction. We show that the quantum black hole entropy, which
includes the entanglement of the fields outside the horizon, correctly satisfies the first law of
thermodynamics, while the Bekenstein-Hawking entropy of the backreacted black hole does not.
This result, which involves a rather non-trivial bulk calculation, shows the consistency of the
holographic interpretation. We compare our renormalized stress tensor with results derived for
free conformal fields, and for a previous holographic construction in the absence of backreaction
effects. The latter is shown to be a limit of the solutions in this article.
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1 Introduction
Despite the lack of a precise definition of a quantum black hole within a complete quantum
theory of gravity, one can still gain insight through semi-classical approximations. One sensible
approach is to treat gravity classically while fully accounting for the backreaction of all other
quantum fields. This is the study of the ‘semi-classical Einstein equations’
Gµν(gαβ) = 8piG〈Tµν(gαβ)〉 , (1.1)
where Gµν is the gravitational Einstein tensor (possibly with a cosmological constant) for a
spacetime metric gαβ, and 〈Tµν〉 is the renormalized stress tensor of the (non-gravitational)
quantum matter fields in that spacetime. Quantum fluctuations of the metric can be compara-
tively suppressed by including a large number of matter degrees of freedom.
Ideally, one would simultaneously solve for both the coupled system of the metric gαβ and
the correlation functions of quantum field operators. However, this problem is often intractable.
Instead, the backreaction effects are typically assumed to be small and the problem is approached
perturbatively. Nevertheless, there are non-perturbative approaches available in special cases.
The complete backreaction problem (1.1) has been solved in some two-dimensional models [1,
2, 3], while in more dimensions it can be tackled through a holographic reformulation. In this
article, we shall use the holographic approach to exactly solve a variant of (1.1) to find the
quantum form of the three-dimensional BTZ black hole [4, 5]—quBTZ, for short.
The AdS4/CFT3 duality maps the quantum theory of three-dimensional conformal fields to
a problem of gravitational dynamics in a four-dimensional AdS bulk spacetime. In the large N
expansion of the CFT, the leading order (planar diagrams) is dual to classical gravitational bulk
physics. One variation of this duality enables the study of the CFT in a dynamical spacetime by
introducing a brane in the bulk. This setup is similar to a Randall-Sundrum construction [6],
but is more precisely described as a Karch-Randall model with AdS3 branes [7]. The problem
(1.1), now in the form
Gµν(gαβ) = 8piG〈Tµν(gαβ)〉planar , (1.2)
reduces to solving the classical gravitational equations of a braneworld model in one more
dimension [8, 9]. A good recent discussion of this duality and its subtleties can be found in
[10]. One may include non-planar corrections to (1.2) by computing bulk quantum effects, in a
perturbative expansion that resembles but is not the same as the more conventional perturbative
backreaction approach to (1.1).1
Ref. [11]2 used these ideas, and the exact construction in [13] of black holes localized on a
brane in AdS4, to present a holographic solution to (1.2) for the static, non-rotating quantum
1It is in fact the conventional perturbative backreaction problem in the four-dimensional bulk, but not in the
three-dimensional boundary dual.
2See also [12].
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BTZ black hole. However, the analysis in [11] was incomplete3 and later developments have led
us to revisit and reassess the quantum properties of the BTZ black hole.
The renormalized quantum stress tensor. One of our aims is to extend, relate, and compare
different calculations of the renormalized stress tensor of conformal fields in the rotating BTZ
black hole and its backreaction. The majority of previous works [14, 15, 16, 17, 18, 19, 20]
study free conformal fields, but [21] used holography to obtain the stress tensor of a strongly
coupled CFT in the rotating BTZ geometry (without backreaction), using a bulk construction
apparently very different than the one in [13, 11]. In this article we extend the static holographic
construction in [11] to the more complex, and richer, general solution of (1.2) for the rotating
quantum BTZ black hole. Then we compare the results of previous calculations of the quantum
stress tensor—both for holographic and free CFTs—to ours, including also backreaction effects.
We show that the holographic bulk construction in [21] arises as a limit of ours, and we present
the correct result for the stress tensor in the presence of rotation.4 The comparison between
the holographic and free CFT calculations reveals a number of similarities that are not a direct
consequence of conformal symmetry, but also significant qualitative differences. In general the
holographic result is considerably simpler.
Effects of backreaction. The ability of our approach to account for exact backreaction brings
out an unexpected result. The strength of the backreaction of the CFT is governed by the
three-dimensional gravitational constant G3 and the central charge of the CFT c. For weak
backreaction, the effects on the metric must be proportional to cG3, a result that we easily
reproduce. As the backreaction gets stronger, we expect that 〈Tµν〉 and the metric corrections
acquire a non-trivial dependence on cG3. Surprisingly, when we compute these renormalization
effects, we find that they are completely independent of the mass M and angular momentum J
of the black hole. That is, the dependence of the quantum stress-energy tensor on M and J is
completely unaffected by the strength of the backreaction. This result is presumably a feature
specific to the holographic calculation of the stress tensor in the planar limit. Unlike 〈Tµν〉,
other quantities like the entropy and the temperature of the black hole depend nontrivially on
M and J and vary with the strength of the backreaction.
Quantum entropy and the first law. Another goal of our work, largely unexplored in this context,
is to investigate the entropy of the quantum black hole, Squ, and its thermodynamic properties.
In a solution to (1.1), we expect that this entropy consists of two terms, namely
Squ =
A
4G
+ Sout , (1.3)
where A is the area of the horizon of the black hole and Sout is the entanglement entropy of
the quantum fields in the region outside the black hole, after removing the leading (divergent)
3In [11] the quBTZ black hole was one among other solutions used for a different purpose than our main
motivation here.
4We have communicated with the authors of [21], who agree with our conclusions.
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contribution ∝ A by absorbing it in a renormalization of G. The holographic approach computes
Squ from the horizon area in the bulk geometry,
Squ =
Abulk
4Gbulk
, (1.4)
which in general is different than the Bekenstein-Hawking entropy A/4G for the brane black
hole, since these A and G are quantities defined and measured on the brane. The difference
between the two entropies is interpreted holographically as Sout. This in fact an application to
braneworld holography of the Ryu-Takayanagi formula for the entanglement entropy of quantum
fields [22], first considered in this context in [23]. In this set up, the bulk RT surface can be
used to find the quantum extremal surface [24] for a system on the brane, an idea that recently
has been used to good effect in [25].
We will show that the quantum entropy of the black hole, Squ (1.4), does behave like a
thermodynamic entropy, in that it satisfies the first law of quantum black holes
TdSqu = dM − ΩdJ (1.5)
where M , J , T and Ω are magnitudes of the black hole that are all measured on the brane.
This is a non-trivial test of the holographic interpretation, since it is not obvious that it
must hold, given that the quantities on the left and right side of (1.5) belong in different worlds.
The correct entropy for the first law is given by the bulk horizon area Abulk, and not the brane
horizon area A, but the mass and spin are defined and measured as magnitudes on the brane.
One might naively think of (1.5) as the ‘first law in the bulk’, but finding this bulk law is not
without ambiguities since, on the one hand, the black hole is accelerating in the bulk, and on the
other hand, the bulk asymptotics is non-standard due to the presence of the brane. However,
the thermodynamic quantities M , J , T and Ω can be obtained from the geometry on the brain
using the conventional AdS3 asymptotics.
5 As we will see, due to the global structure of the
rotating bulk solution the correct calculation of all the magnitudes is delicate, so their apparent
conspiracy to yield (1.5) is more striking. Nevertheless we find that it is indeed satisfied generally.
Therefore, the holographic interpretation of (1.3) and (1.4), and more generally the holographic
duality for the brane construction, are shown to be consistent with basic thermodynamics.6
The outline of the paper is as follows. In the following section, we describe the bulk con-
struction of the holographic quantum BTZ black hole in the static case. We obtain the CFT
stress tensor, study its properties in comparison with other calculations, and investigate the
5The analysis of the thermodynamics of the AdS C-metric in [26], although potentially related, does not
immediately apply since it does not include the brane, and it is not obvious that the bulk mass and spin defined
there are the same as the mass and spin defined on the brane that enter in (1.5). We will return to this point in
the concluding section.
6Ref. [13], and also [27], did a calculation equivalent to proving (1.5) for the static black hole, but it was given
a very different interpretation (as consistently defining M as a ‘bulk mass’) since those articles were not concerned
with holography.
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quantum entropy and the first law. In section 3 we extend the study to the rather more complex
rotating quantum black hole. Sec. 4 ends with a discussion of remaining issues and further open
ideas. In appendix A, we prove that the holographic construction in [21] is recovered as a limit
of the one in this paper, and in appendix B we give the holographic renormalized stress tensor
in another form.
2 Holographic dual of static quBTZ
As explained in [11, 12], the holographic method of solving (1.2) for a quantum-corrected black
hole is through a classical bulk dual with a black hole localized on a braneworld. Refs. [27, 13]
presented exact solutions for black holes on three-dimensional branes based on the AdS4 C-
metric. Our approach will be based on these same solutions, now holographically interpreted as
in [11].
We will begin with the simpler case of static, non-rotating solutions. Although much of this
analysis was done in [13, 11], we will sometimes present a different interpretation of results and
provide a more detailed investigation. An important aspect that was not discussed earlier is the
effect of the strength of backreaction.
2.1 The AdS C-Metric
The AdS4 C-metric, which is a central part of our construction, is part of the Pleban´ski-
Demian´ski family of type D metrics [28], a remarkably versatile class of exact solutions that
have found many different applications. The C-metric has been presented in a variety of coordi-
nates and parametrizations, and we will choose one that is particularly well suited for studying
the black hole on the brane, i.e., the holographic quantum black hole. We write the metric in
the form
ds2 =
`2
(`+ xr)2
(
−H(r)dt2 + dr
2
H(r)
+ r2
(
dx2
G(x)
+G(x)dφ2
))
, (2.1)
where
H(r) =
r2
`23
+ κ− µ`
r
, (2.2)
G(x) = 1− κx2 − µx3 . (2.3)
Here, κ, µ, ` and `3 are parameters whose meaning we will soon clarify.
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The metric (2.1) is a solution to the Einstein equations
Rab = −3
(
1
`2
+
1
`23
)
gab , (2.4)
7Compared to [13], (2.1) is obtained by making λ = (`/`3)
2, A = 1/`, k = −κ, 2mA = µ, y = −`/r, and
rescaling t→ t/`.
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so the AdS4 radius is
`4 =
(
1
`2
+
1
`23
)−1/2
. (2.5)
We will see presently that the length scale `3 is the AdS3 radius on the brane. It is possible to
eliminate ` and use `3 and `4 as parameters, but as we shall see, ` is directly related to the brane
tension and the strength of backreaction in the dual theory. For this reason, we will mostly
work with ` and `3. While solutions with imaginary ` are in principle valid,
8 we will take it to
be real and (without loss of generality) non-negative,
0 ≤ ` <∞ , (2.6)
so that `3 > `4.
The other parameters in the solution are dimensionless: a discrete one,
κ = ±1, 0 , (2.7)
and the non-negative real number µ. We will be mostly interested in the case κ = −1, since this
is needed to have BTZ on the brane, but we will carry out the study with arbitrary κ to include
other interesting quantum black holes. Solutions with κ = 0 need not be considered separately
since they are recovered in the limit µ→∞ of the other two cases. We will eventually see from
later results that µ > 0 accounts for the holographic quantum corrections to the black hole.
In our investigation of the induced three-dimensional physics, we will typically be interested
in keeping `3 fixed and then study the solutions for different values of µ and ` (i.e the dimen-
sionless quantity `/`3). Then `4 is a derived scale, as befits the notion that the bulk emerges
from boundary physics.
2.2 Karch-Randall braneworld holography
Let us first get some intuition for the metric by setting µ = 0 and noting that if we change
coordinates (x, r)→ (σ, r) with
coshσ =
`3
`4
√
1 + r
2x2
`23∣∣1 + rx` ∣∣ , rˆ = r
√√√√ 1− κx2
1 + r
2x2
`23
, (2.8)
then the geometry becomes more explicitly pure AdS4,
ds2 = `24dσ
2 +
`24
`23
cosh2 σ
 drˆ2
rˆ2
`23
+ κ
−
(
rˆ2
`23
+ κ
)
dt2 + rˆ2dφ2
 , (2.9)
in a foliation by constant σ slices that are AdS3 with radius `4 coshσ. Each value of κ gives
slices with a recognizable form of AdS3: global, Poincare´, or BTZ, for κ = +1, 0,−1 respectively.
If we cut the κ = +1 geometry with a brane at constant σ = σb (with AdS3 radius `4 coshσb)
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Figure 1: Bulk geometry in a slice at constant t and φ. Left: C-metric coordinates (x, r) in the spatial
Poincare´ disk of empty global AdS4 (µ = 0, κ = +1). Lines of constant x ∈ [−1, 1] are blue arcs; lines of
constant r ∈ [−∞,−`] ∪ [0,∞] are red arcs (full circles for 0 < r ≤ `). The asymptotic boundary (black
circle) is at xr = −`. The φ axis of rotation is x = ±1. Right: Sketch of braneworld construction with
a black hole in it. The bulk is cut off at a brane at x = 0 and only the (gray) region 0 ≤ x ≤ x1 is
retained; the root x = x1 of G(x) is now the φ axis. A second copy of this region, not shown, is glued at
the brane to make a Z2-symmetric two-sided braneworld. A bulk black hole with event horizon at r = r+
is attached to the brane. Dual three-dimensional fields satisfy transparent boundary conditions at the
junction between the dynamical brane (thick blue) and the non-dynamical AdS4 boundary (black).
and discard the region σ > σb, the construction gives the ground state of the Karch-Randall set
up.
When µ 6= 0 the geometry is more complicated, but the C-metrics have the nice feature
that the surface x = 0 is always totally umbilic. That is, that the extrinsic curvature Kab and
induced metric hab satisify
Kab = −1
`
hab . (2.10)
The x = 0 surface is therefore where we put the brane (figure 1). We cut the bulk geometry
at x = 0 and keep a range of positive x to be specified later. It is easiest to understand the
properties of this brane when µ = 0, since then it corresponds to the surface σ = σb in (2.9)
with
coshσb =
`3
`4
=
√
1 +
`23
`2
. (2.11)
The brane geometry is AdS3 with curvature radius `3. We take the brane to be two-sided, with
Z2 orbifold boundary conditions on it (our main results extend to one-sided branes changing
only factors of 2). As a result, the metric is continuous across the brane, but its derivative is
8Imaginary ` would be appropriate for deSitter branes.
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discontinuous on account of the brane stress tensor, which is
Sab = − 2
8piG4
(Kab − habK) = − 1
2piG4`
hab . (2.12)
From here, we see that the brane tension is
τ =
1
2piG4`
. (2.13)
In the limit ` → ∞, with `3 → `4, the brane becomes tensionless: this is an equatorial section,
σ = 0, of the AdS4 bulk. In the opposite limit `→ 0, the brane is located increasingly closer to
the AdS4 asymptotic boundary at σ →∞.9
Karch and Randall showed that when the brane tension is non-zero and finite (0 < ` < ∞
in our case), there is a massive graviton bound state localized on the brane [7]. That is, gravity
on the brane is not of the ordinary kind, but a massive gravity theory. In order to define the
effective three-dimensional Newton constant, we will follow [13] and regularize the bulk volume
by introducing a fiducial infrared cutoff at r →∞, which yields
G3 =
1
2`
G4 (2.14)
(the factor 1/2 is for a two-sided brane).
The number of microscopic degrees of freedom of the holographic dual CFT is measured
by what, with a slight abuse of terminology, we will call the “central charge” c, and which for
convenience we choose to normalize as
c =
`24
G4
. (2.15)
If the CFT is an ABJM theory with parameters N and k (for the rank of the gauge group and
the Chern-Simons level), then [30]
c = 3
(2Nk)3/2
k
, (2.16)
but we will not need to be this specific about the CFT.
We can now use (2.15) together with (2.5) and (2.14) to express the parameter ` in terms of
magnitudes of the dual 3D theory,
`
1 + (`/`3)2
= 2 cG3 . (2.17)
Sometimes it will suffice to work in the limit where ` is small, so that
` = 2 cG3
(
1 +O (cG3/`3)2
)
. (2.18)
9Since in this limit `4 → `, we must rescale the entire metric by `2 in order to keep its size finite. We return
to this point below, and more specifically in appendix A.
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We see that if we keep c and `3 finite, then when `→ 0 and the brane approaches the AdS4
boundary, the gravitational coupling G3 must vanish too. Gravity on the brane becomes weaker,
and therefore when `→ 0 there is no backreaction of the CFT.10
At the opposite end, when ` → ∞ the graviton mass becomes as large as possible, and
gravity on the brane is completely four-dimensional; the tensionless brane has no effect on bulk
propagation, other than imposing a Z2 projection.
2.3 Global aspects of the bulk
We can get a quick idea of how the bulk black hole appears localized on the brane by taking the
tensionless limit `→∞. Rescaling
µ =
2m
`
, r =
`3
`
ρ (2.19)
and keeping m, ρ and `4 finite, the bulk metric (2.1) becomes
ds2 = −
(
ρ2
`24
+ κ− 2m
ρ
)
dt2 +
dρ2
ρ2
`24
+ κ− 2mρ
+ ρ2
(
dx2
1− κx2 +
(
1− κx2) dφ2) , (2.20)
which is the metric of AdS4 black holes. The brane at x = 0 slices them through an extremal
section (an ‘equator’) of zero extrinsic curvature.
At the opposite end, when `→ 0 the solution becomes
ds2 → `
2
r2x2
−(r2
`23
+ κ
)
dt2 +
dr2
r2
`23
+ κ
+ r2
(
dx2
G(x)
+G(x)dφ2
) . (2.21)
The brane is now at the asymptotic boundary of AdS4 at x → 0. When κ = −1 the boundary
geometry, where G(0) = 1, has a black hole (BTZ, as we will see) on it with horizon at r = `3.
This limiting solution is indeed the same as the construction in [21], which is based on the
fact that (2.21) is a double Wick rotation of the Schwarzschild-AdS4 solution, as we explain in
appendix A.
More generally, whether the solutions (2.1) have black holes, and of what kind, depends on
the character of the roots of H and G. For instance, it is apparent from (2.1) that roots of
H(r) are Killing horizons of ∂/∂t. We want that a positive root r+ exists for the black hole
horizon, but also that there are no acceleration (non-compact) horizons. In the (x, φ) sector,
the real roots of G(x) are symmetry axes (fixed-point sets) of ∂φ, and their properties determine
the geometry and topology of the horizons. Since H and G are cubic functions, the analysis of
these roots tends to be involved, but below we will deal with this by switching to more efficient
parametrizations.
10In the same limit, the 3D graviton mass approaches zero. In this model, the gravitational strength on the
brane and the graviton mass are controlled by the same parameter (σb, or `/`3). One may separate them by
introducing an explicit Einstein-Hilbert term on the brane a` la DGP [29], but in this case there is no known
solution with a black hole localized on the brane.
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The question of regularity at symmetry axes of ∂φ is a central point in the analysis of all the
C-metrics. As argued in [13], in order to have a finite black hole in the bulk (instead of, say, an
infinite black string) we must be in a regime of parameters where there is at least one positive
root of G(x), the smallest of which we will call x1. Then we restrict x to the range
0 ≤ x ≤ x1 . (2.22)
It is now much more convenient to use x1 as a primary parameter, and consider µ as a derived
one, with
µ =
1− κx21
x31
. (2.23)
We get the desired parameter range by, first, assuming that x1 > 0, and furthermore taking
x1 ∈ (0, 1] for κ = +1 , (2.24)
and
x1 ∈ (0,∞) for κ = −1, 0 . (2.25)
Note that µ is a monotonically decreasing function of x1, with µ→∞ when x1 → 0, and µ→ 0
at the upper limit of x1.
In order to avoid a conical singularity at x = x1 we must identify
φ ∼ φ+ 2pi∆ (2.26)
with
∆ =
2
|G′(x1)| =
2x1
3− κx21
. (2.27)
Then, sections of constant t and r with x varying in (2.22) are topological disks with x playing
the role of radial coordinate. We may more conveniently think of them as caps, and x as roughly
equivalent to the cosine of the polar angle along the cap (see fig. 1). In a two-sided brane, we
glue two of these caps along their rim at x = 0, to form a lens shape. Notice that G′(x1) < 0 in
the range of x1 considered, and that ∆ is independent of `.
2.4 quBTZ and its stress tensor
The metric induced on the brane at x = 0 is
ds2 = −H(r)dt2 + dr
2
H(r)
+ r2dφ2 (2.28)
with H(r) given in (2.2). This metric is asymptotic to AdS3 at r →∞, but the coordinates are
not canonically normalized since φ does not have periodicity 2pi but 2pi∆. In order to fix this,
we rescale
t = ∆ t¯ , φ = ∆ φ¯ , r =
r¯
∆
, (2.29)
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so that now φ¯ ∼ φ¯+ 2pi and the metric takes the form
ds2 = −
(
r¯2
`23
− 8G3M − `F (M)
r¯
)
dt¯2 +
dr¯2
r¯2
`23
− 8G3M − `F (M)r¯
+ r¯2dφ¯2 . (2.30)
Here we have already identified the three-dimensional mass of the geometry as
M = − κ
8G3
∆2 = − 1
2G3
κx21
(3− κx21)2
. (2.31)
We see that µ, or x1, is a parameter for the mass of the solution. We have also introduced
F (M) = µ∆3 = 8
1− κx21
(3− κx21)3
, (2.32)
which also depends on M through x1, but is independent of `/`3 so it does not change as we
vary the strength of the backreaction. Actually, all physical magnitudes depend on κx21 and not
on κ or x1 separately.
According to the holographic dictionary, the metric induced on the brane solves the equations
(1.2) (with the 3D cosmological constant included on the left hand side). We can therefore
identify the holographic CFT stress tensor as the right-hand side of the equation11. This gives,
in (t¯, r¯, φ¯) coordinates,
〈T ab〉 = `
16piG3
F (M)
r¯3
diag{1, 1,−2} . (2.33)
We can now use (2.17) to eliminate ` and express the result solely in terms of 3D magnitudes.
The result is simpler for small `, (2.18), where we find
〈T ab〉 = c
8pi
F (M)
r¯3
diag{1, 1,−2} (` `3) . (2.34)
Since the back reaction vanishes when `→ 0, the metric (2.30) in this limit is interpreted as
a classical solution, and indeed these geometries solve the classical Einstein-AdS equations and
are locally AdS3. In this limit of small backreaction, the corrections to the classical geometry
are proportional to cG3, as expected, but we emphasize that the CFT is consistently solved
simultaneously with the 3D gravitational equations, to yield the exact backreaction (at large c)
for finite `, and not just a small perturbative correction.
Since we recover the classical BTZ black hole for ` = 0 and κ = −1, when ` > 0 we refer
to (2.30) as the quantum BTZ black hole, or quBTZ. This interpretation was initially given in
[11]. In contrast with the classical BTZ solution, whose curvature is constant, the curvature of
quBTZ varies and in fact blows up at a singularity at r¯ = 0, a feature that is inherited from the
curvature singularity that (2.1) has at r = 0.
A remarkable feature is that since `/`3 does not enter in F (M), the dependence of the stress
tensor on the black hole mass M is not affected by the strength of the backreaction. In other
11That this yields the same result as the Brown-York tensor was proven in [31].
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words, the renormalization of the stress tensor as a function of the gravitational coupling is
independent of the black hole mass M . It is fully accounted for by the M -independent relation
(2.17). This is an unexpected result that we will extend to rotating solutions. As we will see,
other magnitudes of the black hole, such as the temperature and the entropy, depend on M (and
the spin J) in a way that significantly changes with the strength of the backreaction. However,
the stress tensor does not.
2.5 Branches of quantum black holes
An important feature of the holographic construction, already observed in [13, 11], is that the
range of masses covered by (2.31) is finite,
− 1
8G3
≤M ≤ 1
24G3
. (2.35)
Negative masses are obtained when κ = +1, with the minimum reached for x1 = 1 (µ = 0), and
zero mass for x1 → 0 (µ→∞). We refer to these solutions as
Branch 1a: κ = +1, 0 < x1 < 1 . (2.36)
In the range of positive masses, with κ = −1, we can have two solutions with the same M
but different values of x1. Then we have two branches of solutions over the same mass range,
which we denote as
Branch 1b: κ = −1, 0 < x1 <
√
3 , (2.37)
Branch 2: κ = −1,
√
3 < x1 <∞ . (2.38)
The two branches meet at the upper mass bound where x1 =
√
3. For M = 0 we have two
distinct solutions: one of them in branch 1 with x1 →∞ (µ→ 0), and the other in branch 2 with
x1 = 0 (µ =∞). Since physical magnitudes depend only on the combination κx21 the branches
1a and 1b join smoothly at x1 = 0, and we may characterize the branches more concisely as
Branch 1: −1 < −κx21 < 3 , (2.39)
Branch 2: 3 < −κx21 <∞ . (2.40)
The value x1 = 0 in branch 1 is the same as the κ = 0 solutions, so we shall not discuss this last
case separately.
We also add a Branch 3 of ‘BTZ black strings’. For all M ≥ 0 we can have an exact bulk
solution which is the geometry (2.9) with κ = −1 and with the appropriate periodic identification
of φ to yield a mass M on the brane. It is a black string since each section at constant σ has a
BTZ black hole in it.12 Then, this exact solution gives an uncorrected BTZ black hole on the
brane, and vanishing CFT stress energy tensor.
12Following [13] we assume an infrared bulk cutoff at r →∞.
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Figure 2: The holographic stress-energy function F (M) (2.32) for the three branches 1a, 1b and 2, of
quantum black hole solutions. We also include a branch 3 of bulk BTZ black strings, which give BTZ on
the brane with F = 0 for all M ≥ 0.
In fig. 2 we plot the function F (M) for all branches. Our discussion here and in the next
subsection will loosely follow [11] (to which we refer for other details), with some relevant
additions.
The lower mass limit −1/(8G3) in branch 1a is the mass of global AdS3, reached for κ = +1,
x1 = 1, where the renormalized stress tensor vanishes. Above this ground state, the solutions
with negative masses correspond, in the limit ` → 0 of (2.30), to conical singularities in AdS3.
The CFT stress-energy tensor in these horizonless backgrounds is a Casimir effect. When ` > 0
the geometries are interpreted as quantum-corrected conical singularities. As first discussed
in [11], the backreaction of this quantum Casimir stress tensor dresses the singularity with a
horizon, in a sort of ‘quantum cosmic censorship’ (see also [19, 20]). This quantum dressing is
also present for conical singularities in branes that are asymptotically locally flat.
The upper mass bound in branches 1b and 2 is intriguing. One might want to attribute
it to the peculiar infrared behavior of the massive gravity theory, but this cannot be the full
explanation, since the bound is independent of `/`3 and therefore applies also for ` → 0 where
the 3D graviton mass vanishes and there is no gravitational dynamics. The bound seems to
say that there is an upper limit, not on all quantum corrected BTZ black holes, but rather
on those for which the CFT is captured by these localized bulk black holes. It is therefore
not a feature of braneworld gravity, but a consequence of holographically representing the CFT
by four-dimensional bulk gravity. Intuitively, the bulk black hole cannot extend into the bulk
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beyond the ‘throat’ at the minimal AdS3 slice of AdS4, which puts an infrared limit on the
validity of the effective 3D description. If this interpretation is correct, then an upper mass
limit for non-trivial holographic quantum effects in AdS black holes is also expected in higher
dimensions.
In the absence of any other known bulk solution, the only option for masses above the
range (2.35) is branch 3: the BTZ black string. The holographic CFT in BTZ black holes with
M > 1/(24G3) is then in an unexcited state. This is a generic feature of the leading planar limit
of holographic CFTs when the bulk is of ‘black string type’.
In the range 0 < M < 1/(24G3), there are three bulk solutions (branch 1b, 2 and 3)
that correspond to different states of the CFT. Which one is preferred may depend on which
has bigger quantum entropy. This was discussed extensively in [13], and will be more briefly
revisited below.
It is natural to regard branch 1b as a continuation of branch 1a black holes. These, we have
argued, must be considered as black holes formed from the backreaction of Casimir stress-energy.
Then, we expect that the large stress-energy of the state M = 0 in 1b should be thought of as
being dominated by Casimir energy. In contrast, branch 2 solutions start at M = 0 with zero
stress energy. In this case, it might perhaps be more appropriate to regard the stress tensor for
M > 0 as only due to the quantum Hawking radiation in equilibrium with a finite-temperature
black hole, with (we speculate) the larger Casimir energy having been subtracted from the state.
One might worry that the range of masses (2.35), where M ∼ 1/G3, is always ‘Planckian’
and hence quantum gravitational effects should be important and invalidate the semiclassical
description. However, this is not the case. In contrast to four (or higher) dimensions, in three
dimensions the relation M ∼ 1/G3 does not involve ~ and hence black holes with these masses
need not be subject to large quantum fluctuations. Indeed, there is no such thing as a quantum
Planck mass or energy in three dimensions. Instead one should refer to the quantum Planck
length (or time). Restoring ~, this is
L
(3)
Planck = ~G3 . (2.41)
The characteristic length scales of our solutions are all ∼ `, which from (2.17), is
` ∼ c ~G3 ∼ cL(3)Planck  L(3)Planck , (2.42)
since in holography the classical bulk requires large central charges, c  1. So, even when the
backreaction effects of three-dimensional quantum fields are large, all our solutions for black
holes lie within the regime of semiclassical three-dimensional gravity. Indeed, using (2.14), the
relation (2.42) is equivalent to the semiclassicality of the four-dimensional bulk, ` L(4)Planck.
2.6 Comparing calculations of 〈T ab〉
The renormalized stress-energy tensor for a free conformal scalar field in the BTZ black hole, and
in negative-mass conical geometries, has been computed in [14, 16, 17, 19, 20]. The stress tensor
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depends on the boundary conditions for the quantum field at the asymptotic AdS3 boundary.
The holographic calculation naturally selects transparent conditions, where the fields propagate
smoothly between the brane and the non-dynamical AdS4 boundary (see fig. 1). In fact, the
transparent boundary is responsible for the mass of the 3D graviton [7, 10]. In the following we
will only compare to free-field calculations made with these boundary conditions.
The renormalized 〈T ab〉 for the free conformal scalar takes the same form as (2.34), where
now, if we (arbitrarily) put c = 1, the function F (M) is given by
F (M) =
(8G3M)
3/2
2
√
2
∞∑
n=1
cosh 2npi
√
8G3M + 3(
cosh 2npi
√
8G3M − 1
)3/2 (2.43)
for BTZ black holes with M > 0, and by
F (M) =
(−8G3M)3/2
4
√
2
N−1∑
n=1
cos 2npi
√−8G3M + 3(
1− cos 2npi√−8G3M
)3/2 (2.44)
for conical singularities with
√−8G3M = 1/N , where N ∈ Z+ [20]. Note that for the BTZ black
hole neither the radial dependence ∝ 1/r3 of the stress tensor, nor the precise tensorial structure
diag{1, 1,−2} are uniquely preordained by conformal symmetry. A more complicated radial
dependence, and other structures such as diag{−2, 1, 1} (which is the form for a thermal plasma)
or diag{1, 0,−1} are allowed, and indeed are present when asymptotic boundary conditions
other than transparency are imposed [17]. Ref. [17] verified that the Green’s function of the
quantum field is in the Hartle-Hawking state and satisfies the KMS condition at the black hole
temperature. Therefore, even if the stress tensor does not have the structure diag{−2, 1, 1}, it
does have thermal character.
The sums in (2.43) and (2.44) come from the solution of the free field theory using the method
of images. It is interesting that at strong coupling, where this method would not be applicable,
the holographic method yields simpler, ‘resummed’ expressions. When we add rotation the
simplification will be even more dramatic.
We plot F (M) for free fields in fig. 3 (for negative mass we interpolate between discrete
values). We see that the shape is qualitatively similar to fig. 2 in the negative mass regime,
and less so for positive masses. Quantitative comparisons cannot be made unambiguously since
the number and type of fields, and their interactions, are very different in each case, but if we
match the slopes of the curves at the AdS3 vacuum, 8G3M = −1, then at larger mass the free
field F is greater than that of the holographic CFT. For free scalars the stress tensor extends
smoothly to arbitrarily large M , and although it decreases with increasing M , it is never zero.
Contrastingly, the stress tensor in the planar holographic calculation completely shuts off above
M = 1/(24G3).
The studies of backreaction of the free CFT have been limited to the perturbative regime
of small linearized corrections. Since the stress tensor for the free and holographic CFTs has
the same radial dependence and the same tensorial structure in both cases, differing only in the
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Figure 3: The stress-energy function F (M), (2.43) and (2.44), for a free conformal scalar.
specific form of F (M), the metric corrections obtained in [17, 16, 18] have the same form as our
solutions in an expansion to linear order in small `. They only differ in the mass dependence of
the coefficients.
Finally, the holographic calculation of the renormalized stress tensor in the BTZ background
in [21] yields (2.34) with the same F (M). This is of course as it should be, since we have shown
that the construction in [21] is the limit `→ 0 of the one in this paper.
2.7 Quantum entropy and the first law
Now we turn to investigating the black hole event horizon. This lies at a positive real root
r = r+ of H(r). Then the circle radius of the horizon on the brane is r¯+ = ∆ r+.
We assume that `/`3 and µ lie in ranges where such a root exists. Again, it will be more
convenient to switch to another parametrization, based on the roots themselves, that deals with
this automatically. Following [13] we introduce the real, non-negative parameter
z =
`3
r+x1
, (2.45)
and instead of `, a dimensionless parameter
ν =
`
`3
. (2.46)
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We can now eliminate x1, or µ, and r+ using that
x21 = −
1
κ
1− νz3
z2(1 + νz)
, (2.47)
r2+ = −`23κ
1 + νz
1− νz3 , (2.48)
µx1 = −κ 1 + z
2
1− νz3 . (2.49)
With ν and z as parameters the mass is
M =
1
2G3
z2(1− νz3)(1 + νz)
(1 + 3z2 + 2νz3)2
(2.50)
and the coefficient of the stress tensor is
F (M) = 8
z4(1 + z2)(1 + νz)2
(1 + 3z2 + 2νz3)3
. (2.51)
In this form it is not apparent that F depends only on M and not on ν, but of course it is still
true since ∂νF − ∂zF ∂νM/∂zM = 0. In this parametrization κ is not present in the expressions
for physical quantities. It corresponds to
κ = sign(νz3 − 1) , (2.52)
so we cover the entire range of branches 1 and 2 of bulk black holes of finite size by letting
0 ≤ ν, z <∞ . (2.53)
The temperature of the horizon, relative to the canonical timelike Killing vector on the brane,
∂/∂t¯, is
T =
∆H ′(r+)
4pi
=
1
2pi`3
z(2 + 3νz + νz3)
1 + 3z2 + 2νz3
. (2.54)
The expressions are implicit but a plot (fig. 4) shows that the quantum black holes in both
branches have higher temperature than the classical one with the same mass. Observe that
branch 1a black holes (with M < 0 in fig. 4) have negative specific heat ∂M/∂T . We interpret
this in the same manner as in Schwarzschild or small AdS black holes: these black holes are
too small and too hot to reach equilibrium with their Hawking radiation in the AdS3 box, and
will evaporate completely. For positive masses, there are two branches of quBTZ black holes,
and branch 1b are the hotter of the two and branch 2 the colder. The specific heat of branch 2
is always positive, while that of branch 1b is more intricate. We find that for any fixed ν, the
specific heat diverges for two black holes in branch 1b: the M = 0 black hole and another one at
a certain finite mass M1(ν) (involving an unilluminating cubic root). Since, generically, energy
fluctuations in a thermal state are given by
〈δE2〉 = T 2∂E
∂T
, (2.55)
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Figure 4: Temperature of the quantum black holes and the classical BTZ black hole for given mass M .
we expect that these black holes will be susceptible to large thermodynamic fluctuations and
presumably be unstable.
Intriguingly, the largest black holes in branch 1b, with masses in M1 < M < 1/(24G3), also
have negative specific heat. This could be an indication that these black holes can evaporate by
radiating through the transparent interface to the non-dynamical region of the boundary, as in
[3]. Perhaps this is also related to the large thermal fluctuations of the massless quBTZ in 1b.
For the entropy associated to the bulk horizon, holographically interpreted as the quantum-
corrected entropy, we obtain
Squ =
2
4G4
∫ 2pi∆
0
dφ
∫ x1
0
dx r2+
`2
(`+ r+x)
2
=
2pi`23
G4
νz
1 + 3z2 + 2νz3
=
pi`3
G3
z
1 + 3z2 + 2νz3
. (2.56)
In the last line we have converted to 3D units, so the result can be compared with the ‘classical’
Bekenstein-Hawking entropy of the horizon on the brane (which includes backreaction)
Scl =
1
4G3
2pir+∆
= (1 + νz)Squ . (2.57)
The results for Squ and T depend not only on M but also on the backreaction through the
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Figure 5: Entropies of quantum black holes with given mass M . The entropy of black holes in branch 3
is SBTZ.
parameter ν. As ν → 0 we recover the correct result in the absence of any backreaction,
Squ|ν=0 = Scl|ν=0 = SBTZ = pi
2`23
G3
T = pi`3
√
2M
G3
. (2.58)
Fig. 5 shows the entropy of these solutions as a function of the mass M for ν = 1/2. As ν
becomes smaller, the entropy curves for 0 ≤M ≤ 1/(24G3) approach that of the BTZ solution,
and for M < 0 they go to zero. Conversely, the differences between curves become larger as ν
grows.
In the range −1/(8G3) < M < 0 we find the quantum-dressed cone solutions of branch 1a.
Since their horizon is due to the backreaction of the Casimir energy in the conical spacetime,
their entropy should naturally be interpreted as entanglement entropy of the quantum fields
across this horizon [23]. In the regime of positive masses, 0 ≤ M ≤ 1/(24G3), branch 1b
solutions have higher entropy than branch 2, which presumably should again be interpreted as
mostly due to the entanglement of fields in the state dominated by the Casimir effect. But
the duplicity of branches of quBTZ black holes is intriguing. In particular, it would seem that
the M = 0 BTZ solution could develop, through quantum backreaction, a significant non-zero
temperature and entropy, dominating entropically over other branches. But, as we saw above,
the divergent specific heat of this solution (which is also very large for the solutions with small
non-zero M) hints at an instability.
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More generally, the different dominance in entropy between the branches of quantum black
holes and BTZ black strings presumably indicates which phase is preferred (in a microcanonical
ensemble). Conventional turning-point arguments indicate that branch 2 solutions should be
locally unstable.
It is apparent from (2.57) that
Scl > Squ . (2.59)
This does not mean that the entanglement entropy of the CFT is negative. The difference
Sout = Squ − Scl = −pi`3
G3
νz2
1 + 3z2 + 2νz3
(2.60)
corresponds to the finite part of the entanglement entropy, after the leading piece has been
absorbed in a renormalization of G3. This Sout need not have a definite sign. The same negative
sign is also present in branes that are asymptotic to Minkowski3 [23].
The effect of the leading contribution to entanglement entropy can be gleaned from the
change in the classical Bekenstein-Hawking entropy due to quantum backreaction effects,
S
(0)
ent = Scl(ν,M)− SBTZ(M) . (2.61)
This quantity is finite, and moreover it is positive, as fig. 5 shows.
Finally, it is straightforward to verify that
∂zM − T∂zSqu = 0 (2.62)
for all (fixed) values of ν, so that the first law
dM = TdSqu (2.63)
is satisfied by the quantum-corrected entropy, and not by the classical one. In fact, one can
visually conclude from fig. 5 that Scl cannot satisfy the first law since it has zero and infinite
derivatives for certain masses (while Squ only has a cusp).
3 Rotating quBTZ black hole
Now we study the extension of the static AdS C-metric (2.1) to a stationary solution,
ds2 =
`2
(`+ xr)2
[
− H(r)
Σ(x, r)
(
dt+ ax2dφ
)2
+
Σ(x, r)
H(r)
dr2
+r2
(
Σ(x, r)
G(x)
dx2 +
G(x)
Σ(x, r)
(
dφ− a
r2
dt
)2)]
, (3.1)
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where13
H(r) =
r2
`23
+ κ− µ`
r
+
a2
r2
, (3.2)
G(x) = 1− κx2 − µx3 + a
2
`23
x4 , (3.3)
Σ(x, r) = 1 +
a2x2
r2
. (3.4)
There is a new parameter a with dimension of length which introduces rotational effects in the
spacetime and which, without loss of generality, we will take to be non-negative.
All the other parameters are interpreted as before, and in particular eqs. (2.10), (2.13), (2.17)
apply in the same form. Thus, we can again place the brane at x = 0 and the generic aspects of
the dual theory of 3D gravity coupled to a CFT remain unchanged. The bulk geometry shares
many of the features of the Kerr solution, such as a ring singularity at points where r2Σ = 0,
i.e., where
r = x = 0 . (3.5)
In fact, it is straightforward to show that in the tensionless limit ` → ∞, making the
changes (2.19) plus a→ a`3/`, the metric becomes the same as the Kerr-AdS4 solution. On the
other hand, in the zero-backreaction limit ` → 0, where the brane is pushed to the asymptotic
boundary of AdS4, the geometry induced at this boundary at x = 0 is readily seen to have, for
κ = −1, a rotating BTZ black hole in it. In this limit we recover the construction in [21], which
derived the metric as a double Wick rotation of Kerr-AdS4. The details are given in appendix A.
The global structure of the rotating solution is more subtle than in the static case. The main
features were identified in [13], but the calculation of the effects on the physical magnitudes was
left mostly undone, as was also the dual holographic interpretation.
3.1 Geometry, M , J, and 〈T ab〉 of quBTZ
We assume that we work in a parameter range where there exists at least one positive root of
G(x), the smallest of which we call x = x1 (again, this will be dealt with using an appropriate
parametrization). We will then use x1 as the primary parameter instead of µ, which is given by
µ =
1− κx21 + a˜2
x31
. (3.6)
For convenience we have also introduced another dimensionless parameter for the rotation,
a˜ =
ax21
`3
. (3.7)
We will retain (two copies of) the bulk region where 0 ≤ x ≤ x1. The locus x = x1 is a
fixed-point set of the Killing vector
∂
∂φ
− a˜`3 ∂
∂t
. (3.8)
13In addition to the changes mentioned in footnote 7, relative to [13] we have made
√
λa→ a/`3.
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This has two consequences. First, as before, in order to avoid a conical singularity we must
identify φ ∼ φ+ 2pi∆, with
∆ =
2
|G′(x1)| =
2x1
3− κx21 − a˜2
. (3.9)
Second, and very importantly, now the identification along orbits of (3.8) must be made on
spatial surfaces at constant t+ `3a˜φ. This is a consequence of bulk regularity that would not be
visible if we only looked at the ‘naive brane metric’
ds2 = −H(r)dt2 + dr
2
H(r)
+ r2
(
dφ− a
r2
dt
)2
, (3.10)
which is induced on the brane at x = 0 in the coordinates of (3.1). Apparently, this would give
M = −κ∆2/(8G3) and J = a∆2/(4G3). However, this is not the globally appropriate form of
the rotating quBTZ black hole, since along an orbit of (3.8) φ → φ + 2pi∆ does not return to
the same point in spacetime but to another one at a different t. This introduces a rotation of
frames that persists even at r →∞, but we can change to an asymptotically non-rotating frame
by shifting φ→ φ+ Ct with an appropriately chosen constant C.
Taking all into account, we find that in order to go to canonical coordinates t¯ and φ¯ on the
asymptotically AdS3 brane we must change
t = ∆
(
t¯− a˜`3φ¯
)
,
φ = ∆
(
φ¯− a˜
`3
t¯
)
. (3.11)
Conversely, the Killing vectors transform as
∂
∂t
=
1
∆Λ
(
∂
∂t¯
+
a˜
`3
∂
∂φ¯
)
,
∂
∂φ
=
1
∆Λ
(
∂
∂φ¯
+ a˜`3
∂
∂t¯
)
, (3.12)
with
Λ = 1− a˜2 . (3.13)
In addition, we also redefine
r2 =
r¯2 − r2s
Λ∆2
(3.14)
with
rs = `3
a˜∆
x1
√
2− κx21 = `3
2a˜
√
2− κx21
3− κx21 − a˜2
. (3.15)
The metric of the rotating quBTZ black hole now has points identified along orbits of ∂/∂φ¯,
with (t¯, φ¯) ∼ (t¯, φ¯+ 2pi), and the geometry is asymptotically AdS3,
ds2 = −
(
r¯2
`23
− 8G3M − `µ∆
2
r
)
dt¯2 +
(
r¯2 + `23
`µa˜2∆2
r
)
dφ¯2
−8G3J
(
1 +
`
x1r
)
dt¯dφ¯
+
(
r¯2
`23
− 8G3M + (4G3J)
2
r¯2
− `µΛ2∆4 r
r¯2
)−1
dr¯2 , (3.16)
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where r is now a function of r¯, shorthand for (3.14). We have
M = − κ
8G3
∆2
(
1 + a˜2 − 4a˜
2
κx21
)
=
1
2G3
−κx21 + a˜2(4− κx21)(
3− κx21 − a˜2
)2 (3.17)
and
J =
`3
4G3
a˜µx1∆
2
=
`3
G3
a˜(1− κx21 + a˜2)(
3− κx21 − a˜2
)2 (3.18)
(note that these depend on a˜ and κx21, and not on κ, x1, or a/`3 separately).
In this manner it is apparent that in the limit ` → 0, in which the quantum backreaction
vanishes, the metric (3.16) for κ = −1 is the same as the classical rotating BTZ solution with
mass M and angular momentum J (and for κ = +1 we obtain rotating conical defects). The
terms ∝ ` decay faster at r¯ →∞ than the asymptotic terms from which the mass and angular
momentum are read, so these are indeed given by (3.17) and (3.18) for all `. For BTZ black
holes it is useful to know that
8G3
(
M ± J
`3
)
=
4(1− a˜2)(−κx21 ± 2a˜2)(
3− κx21 − a˜2
)2 . (3.19)
The ` = 0 limit also clarifies the transformations (3.11) and (3.14) made above, since these
transformations act on a BTZ black hole to yield another BTZ black hole with different M
and J . The specific choice (3.11) is selected by the identification of points imposed by bulk
regularity. It turns out that the same transformations work to bring the metric into the correct
form independently of `. That is, the geometry involves the same global aspects in the (x, φ)
sector regardless of the strength of the backreaction.
Since the curvature singularity (3.5) lies entirely on the brane, the rotating quBTZ metric
(3.16) possesses a ring singularity at r = 0, that is, at r¯ = rs, (3.15), which was not present in
the classical rotating BTZ geometry.
Like in the Kerr and rotating BTZ solutions, there exist regions of the spacetime with closed
timelike curves, and avoiding naked ones requires parameter restrictions. For instance, it seems
natural that we impose a˜ ≤ 1 so that in (3.13) we have Λ ≥ 0. Other parameter constraints
come from requiring that ∆ > 0. This is satisfied as long as −κx21 > a˜2− 3; we will also assume
that it holds, and for κ = −1 it always does. However, the study of these and related constraints
is beyond the scope of this article. The black hole horizons and their properties will be examined
later.
In order to obtain the holographic stress tensor, it is simpler to start with its form (as read
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from the 3D Einstein equation) in the coordinates (t, r, φ) of the ‘naive metric’ (3.10),
〈T tt〉 = 〈T rr〉 = −1
2
〈T φφ〉 = 1
16piG3
`µ
r3
,
〈T φt〉 = 1
16piG3
3`µa
r5
, (3.20)
and then change to (t¯, r¯, φ¯) to find
8piG3〈T t¯ t¯〉 =
`µ
2Λ r3
(
1 + 2a˜2 +
3a˜2`23
x21r
2
)
, (3.21)
8piG3〈T φ¯φ¯〉 = −
`µ
2Λ r3
(
2 + a˜2 +
3a˜2`23
x21r
2
)
, (3.22)
8piG3〈T t¯φ¯〉 = −`3
3`µa˜
2Λ r3
(
1 +
a˜2`23
x21r
2
)
, (3.23)
8piG3〈T φ¯t¯〉 =
1
`3
3`µa˜
2Λ r3
(
1 +
`23
x21r
2
)
, (3.24)
8piG3〈T r¯ r¯〉 = `µ
2r3
. (3.25)
Here again r stands for (3.14). Using (2.17) or (2.18) we can express the metric and the stress
tensor in terms of only 3D magnitudes, namely, c, `3, G3, M and J . In appendix B we give the
stress tensor in terms of parameters more closely related to the BTZ geometry.
Recall now that we are using `, `3, κx
2
1 and a˜ as parameters, in terms of which all other
quantities are obtained using (3.6), (3.9) and (3.13). We regard `3 as fixing the scale of the
geometry, while `/`3 measures the strength of the backreaction through (2.17). We see that
M and J in (3.17) and (3.18) depend on κx21 and a˜ but not on `. Moreover, ` enters in the
〈T ab〉 (3.21)-(3.25) only as an overall prefactor. This implies, again, that the dependence of the
stress tensor on M and J is completely unaffected by the strength of the backreaction. All the
renormalization effects from the backreaction are accounted for by the relation (2.17), which
can be regarded as fixed in the vacuum state, independently of M and J .
In this case there is not a single function that characterizes how the stress tensor depends on
M and J , but for our purposes it will suffice to consider the asymptotic leading term at large r¯
in the energy density. After replacing (3.14) in (3.21), we define
F (M,J) =
µ∆3
√
Λ
2
(
1 + 2a˜2
)
= 8
√
1− a˜2(1 + 2a˜2)(1− κx21 + a˜2)(
3− κx21 − a˜2
)3 . (3.26)
Essentially the same function controls the large r¯ asymptotics of all other components of the
stress tensor. It vanishes for κx21 = 1 + a˜
2, which is equivalent to µ = 0 and corresponds to the
empty global AdS3 solution. It also vanishes for a˜
2 = 1, which, as (3.19) shows, are solutions
with M ± J/`3 = 0. We will examine these next.
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Figure 6: Left: the asymptotic energy density function F (M,J) (3.26) for a fixed value of J representative
of 0 < J < `3/(4G3) (we only show M ≥ 0 but branch 1a solutions extend to M < 0). Branches 1a
and 1b have large quantum effects that enable them to exist with M ≤ J/`3. Branch 3 are rotating BTZ
black strings. For J ≥ `3/(4G3) branch 2 disappears and all the solutions have masses below the classical
BTZ extremal limit M = J/`3. Right: in gray, the range of masses and angular momenta for which the
quBTZ solutions exist above the classical extremal bound (lower dashed line). The upper solid curve
is the bound on the masses implied by the holographic construction (3.28). For each point in the gray
region there are solutions in branches 1b and 2. Branch 1 solutions also exist below the classical extremal
line, but whether they are free of pathologies or not depends on the strength of the backreaction, and is
not fully investigated in this article.
3.2 Branches of solutions and bounds on M and J
Like in the static case, for certain values of (M,J) there exist different branches of solutions.
We are mostly interested in the regime of non-negative masses, but much of the analysis can be
made without this restriction. We assume J ≥ 0 without loss of generality.
A plot of F (M,J) at constant J > 0 (not larger than a value that we discuss below), see fig. 6
(left), reveals the existence of branches of solutions analogous to those we found in the static
case. Branches 1a and 1b are distinguished by the sign of κ but otherwise smoothly continue
into each other. We observe a maximum value of M for fixed J , where branches 1b and 2 meet,
and a minimum M along branch 2.
We can easily determine these special values by extremizing M for fixed J . We find two
classes of solutions, both of them with κ = −1. The first are minima and correspond to
a˜ = 1 , M =
J
`3
=
1
G3(2 + x21)
. (3.27)
This is the classical extremality bound for BTZ. As we noticed above, the stress-energy tensor
vanishes identically in these solutions. Thus they must be regarded as the rotating extensions
of the static M = 0 solution where branch 2 reaches its minimum mass.
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The second class of extrema are maxima and occur for
x21 + a˜
2 = 3 , M =
1
8G3
(
12
x41
− 1
)
, J =
`3
G3
√
3− x21
x41
. (3.28)
When a˜ = 0 and x1 =
√
3, this reproduces the static upper bound M = 1/(24G3). These are
the solutions where branches 1b and 2 meet at the maximum M for fixed J . Adding rotation
increases the maximum mass, but for x1 =
√
2 the extremal bound (3.27) is reached. This
corresponds to
M =
J
`3
=
1
4G3
. (3.29)
For M and J above these values, branch 2 disappears and all the solutions violate the classical
extremal bound.
The region between (3.27) and (3.28), with branch 1b and branch 2 solutions that satisfy the
classical extremal bound M ≥ J/`3, is depicted in fig. 6 (right).
For all values of J , the classical extremal bound is violated by branch 1 black holes when
−κx21 < 2a˜2 (see (3.19)). Whether these black holes are non-pathological—without naked sin-
gularities nor naked closed timelike curves—relies on properties of the (t, r) sector of the metric
that determine the existence and location of horizons. Unlike the study in this section, these
depend on the backreaction parameter `. Although we will make a few more observations in the
next subsection, a complete study of the regions of the plane (J,M) where physically sensible
black holes exist is beyond the scope of this article. Nevertheless, we anticipate that, since the
static black holes with −1/(8G3) < M < 0 in branch 1a are free from any pathologies, it is
natural to expect that in some ranges the rotating black holes with M < J/`3 will also be valid,
made possible by the presence of significant quantum backreaction effects. One of these effects,
as we will see, is to make the branch 1b solution with M = J/`3 have non-zero entropy and
temperature.
Rotating BTZ black strings (branch 3) exist in the bulk for all values of M and J satisfying
M ≥ J/`3. These solutions are natural candidates for the holographic description of the (un-
excited) CFT on the rotating BTZ backgrounds in the cases where the quBTZ black hole does
not exist or is subdominant. Like all black strings in Karch-Randall braneworlds, they require
an infrared regulator.
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3.3 Comparison to other calculations
The renormalized stress tensor for a free CFT in the classical rotating BTZ geometry takes the
form [14, 20]
8piG3〈T t¯ t¯〉 =
∞∑
n=1
1
r3n
(
An +
A˜n
r2n
)
, (3.30)
8piG3〈T φ¯φ¯〉 = −
∞∑
n=1
1
r3n
(
Bn +
A˜n
r2n
)
, (3.31)
8piG3〈T t¯φ¯〉 = −`3
∞∑
n=1
1
r3n
(
En +
E˜n
r2n
)
, (3.32)
8piG3〈T φ¯t¯〉 =
1
`3
∞∑
n=1
1
r3n
(
En +
F˜n
r2n
)
, (3.33)
8piG3〈T r¯ r¯〉 =
∞∑
n=1
Cn
r3n
, (3.34)
where
rn =
√
Dnr¯2 + D˜n , (3.35)
and the coefficients An, A˜n, Bn, . . . (with An−Bn +Cn = 0 for tracelessness) are fairly compli-
cated functions of M and J which can be found in [20]. The sums are again a consequence of
the construction with the method of images.
The first thing to observe is that, except for the specific form of the coefficients, each indi-
vidual summand has a dependence on r¯ with precisely the same structure as in the holographic
result (3.21)-(3.25). This coincidence is remarkable since it is not directly implied by conformal
symmetry. One curious feature is that both results can be formally obtained by an SL(2,R)
transformation from a simple ‘naive’ geometry where 〈T tφ〉 = 0. For the free field, this is the
static BTZ solution with 8G3M = 1 [14].
Nevertheless, and crucially, the dependence on r¯ of the total sum is much more complicated
than that of individual summands. In the static case, the sum over images only entered in
the overall coefficient F (M), while the radial dependence remained 1/r¯3 in both approaches.
However, when rotation is present, the holographic CFT has a much simpler radial dependence
than the free conformal field. In this instance it does not make much sense to compare the
individual coefficients An etc. to the coefficients in the holographic result (although some aspects
of the dependence on M and J can be compared, see appendix B). This difference in the stress
tensors also implies that the backreaction corrections to the metric for the free field will depend
on r¯ in a much more complicated manner than in the holographic calculation.
One consequence of this more complex radial dependence is that, while the holographic
stress tensor is manifestly non-singular everywhere outside the ring singularity at (3.15), and in
particular at the inner Cauchy horizon of BTZ, in the case of the free field this is a much more
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delicate matter. While the infinite sum leads to a divergent pile up behind the Cauchy horizon
[20], there is no divergence when it is approached from the outside [33, 34]. We will return to
this point in the final discussion.
The holographic stress tensor of the CFT in a non-dynamical BTZ background can be
obtained with the construction in [21]. As shown in appendix A, the bulk metric employed
there is recovered as the limit ` → 0 of our construction. Since we have found that the stress-
energy tensor (3.21)-(3.25) depends on ` only through an overall prefactor `/G3 ∝ c, these
expressions also yield the correct stress-energy tensor for the holographic construction in [21].
3.4 Quantum black hole thermodynamics
We now turn to the analysis of the black hole horizon and its thermodynamics. We will assume
that we are in a parameter range where there exists a positive root r+ of H(r), which is a horizon
of the Killing vector
k =
∂
∂t
+
a
r2+
∂
∂φ
. (3.36)
It is easy to see that when a 6= 0 this horizon is in general accompanied by an inner horizon at
r = r− < r+, as is expected of rotating black holes. For the most part we will only consider the
outer event horizon, even though much of the analysis formally applies to the inner one too.
Once again, we resort to a different parametrization. In addition to z and ν in (2.45) and
(2.46), we introduce a new parameter for the rotation
α =
ax1√−κ `3
=
a˜√−κx1
. (3.37)
The factor
√−κ is included since it eliminates κ from all physical magnitudes below. Since we
are primarily interested in the case κ = −1, this is inconsequential. For κ = +1 it should imply
that α2 < 0. These are the branch 1a negative mass quantum-dressed cones, where rotation can
give rise to naked CTCs. Although it should be interesting to explore this sector of the solutions
more carefully, we will not pursue it here.
We can now express all physical magnitudes in terms of the dimensionless parameters ν, z,
α, plus the scales `3 and G3, using that
x21 = −
1
κ
1− νz3
z2 (1 + νz − α2z(z − ν)) , (3.38)
r2+ = −`23κ
1 + νz − α2z(z − ν)
1− νz3 , (3.39)
µx1 = −κ
(1 + z2)
(
1 + α2(1− z2))
1− νz3 . (3.40)
Our calculations can be formally carried out for any values of the parameters, but they only
apply to black holes as long as r2+ is positive and real. If we require, as we did in the absence of
rotation, that sign(νz3 − 1) = κ, then we see that the rotation parameter is bounded above,
α2 ≤ 1 + νz
z(z − ν) , (3.41)
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which can be thought of as the analogue of the Kerr bound. In the case κ = −1 with α2 > 0
and ν < z < ν−1/3, this bound also implies that 1 + α2(1 − z2) > 0, so µ > 0. On the other
hand, the classical extremal limit (3.27) corresponds to α2 = 1/(−κx21), that is,
α2 =
z2(1 + νz)
1− 2νz3 + z4 . (3.42)
Recall, however, that these solutions lie in branch 2, but there are branch 1b solutions with the
same values of M = J/`3.
After some algebra we find that (3.17) and (3.18) now take the form
M =
1
2G3
(1− νz3) (z2(1 + νz) + α2 (1 + 4z2 + 4(1 + α2)νz3 − (1 + 4α2)z4))
(1 + 3z2 + 2νz3 − α2(1− 4νz3 + 3z4))2 , (3.43)
and
J =
`3
G3
αz(1 + z2)(1 + α2(1− z2))√(1− νz3)(1 + νz − α2z(z − ν))
(1 + 3z2 + 2νz3 − α2(1− 4νz3 + 3z4))2 . (3.44)
The horizon is generated by the orbits of the Killing vector (3.36), but, using (3.12), the
canonically normalized generator is instead
k¯ =
∆Λ
1 +
a2x21
r2+
k =
∂
∂t¯
+ Ω
∂
∂φ¯
(3.45)
where the horizon angular velocity is
Ω =
a
`23
`23 + r
2
+x
2
1
r2+ + a
2x21
=
1
`3
α(1 + z2)
√
(1− νz3)(1 + νz − α2z(z − ν))
z(1 + νz) (1 + α2(1− z2)) . (3.46)
Relative to k¯, the horizon temperature is
T =
∆Λ
1 +
a2x21
r2+
H ′(r+)
4pi
=
1
2pi`3
(
z2(1 + νz)− α2(1− 2νz3 + z4)) (2 + 3(1 + α2)νz − 4α2z2 + νz3 + α2νz5)
z(1 + νz) (1 + α2(1− z2)) (1 + 3z2 + 2νz3 − α2(1− 4νz3 + 3z4)) . (3.47)
The conditions under which this T is non-negative are complicated. The temperature van-
ishes for extremal solutions with α as in (3.42), due to the vanishing factor Λ (instead of because
H ′ = 0). This was expected, since the stress tensor in these solutions vanishes and does not
backreact. In contrast, the temperature is non-zero for branch 1b solutions with M = J/`3 (just
like it is for the branch 1b static M = 0 black hole), and continues to be positive along that
branch for a range of M < J/`3. By itself, the bound (3.41) does not seem to guarantee that
T is not negative, even for κ = −1 and ν < z < ν−1/3. Further parameter restrictions may be
necessary, but we will not undertake their analysis here.
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Finally, the area of the bulk horizon at r = r+, in units of 4G4, yields the holographic
quantum entropy. Taking into account the change in (3.11), we find
Squ =
1
2G4
∫ 2pi
0
dφ¯
∫ x1
0
dx
r2+`
2
(`+ r+x)
2 ∆
(
1 +
a2x21
r2+
)
=
pi
G4
∆
`x1
(
r2+ + a
2x21
)
`+ r+x1
=
pi`3
G3
z
(
1 + α2(1− z2))
1 + 3z2 + 2νz3 − α2(1− 4νz3 + 3z4) . (3.48)
These thermodynamic expressions are fairly complicated, but one can verify by explicit
calculation that
∂zM − T∂zSqu − Ω∂zJ = 0 ,
∂αM − T∂αSqu − Ω∂αJ = 0 , (3.49)
which amount to proving that the quantum entropy Squ correctly satisfies the first law
dM − TdSqu − ΩdJ = 0 (3.50)
for all ν, that is, for all values of the brane tension and strength of backreaction. Indeed, it
is formally satisfied for all values of the parameters, regardless of whether the solutions are
physically sensible or not.
For its part, the Bekenstein-Hawking entropy of the horizon on the brane is
Scl =
2pir+
4G3
∆
(
1 +
a2x21
r2+
)
= (1 + νz)Squ . (3.51)
We always have Scl ≥ Squ, and in the limit ν → 0 in which the backreaction disappears, we
correctly recover the classical BTZ result,
Squ|ν=0 = Scl|ν=0 = SBTZ = pi`3
√√√√√M
G3
1 +
√
1−
(
J
`3M
)2 . (3.52)
4 Discussion and outlook
Our study of holographic quBTZ has extended the early analysis in [11] in several important
ways. Our main results are the metric of quBTZ (3.16), its renormalized CFT stress tensor
(3.21)-(3.25), and its quantum entropy (3.48). For our goal of obtaining these and other physical
magnitudes of the solutions we have not needed to know the parameter ranges for which the
rotating geometries are free of pathologies, but it should be interesting to understand them
better.
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Another aspect that deserves further investigation is the dynamical and thermodynamical
stability of quBTZ black holes. We have found intriguing features in the duplicity of branches
of quantum black holes with the same mass but with very different temperature, entropy, and
specific heat. The latter, and in particular its sign, may indicate how the black hole exchanges
radiation with the CFT in the non-dynamical part of the AdS4 boundary.
One important conclusion is that (barring the existence of other bulk solutions for localized
black holes) holographic quantum effects in BTZ are important only up to a maximum mass,
not larger than 1/(24G3) in the static case and than J/`3 = 1/(4G3) with rotation. In this range
of masses the quantum effects are captured in an exact, analytic manner by the AdS C-metric
braneworld solutions. For larger masses, the only known phases correspond to bulk BTZ black
strings (with an infrared regulator), which imply the complete suppression of quantum effects
on BTZ black holes with these masses. This may seem surprising, but it is not uncommon that
the holographic description of CFTs in black hole backgrounds gives results at odds with the
expectations from weakly coupled fields [32]. As we have argued, this upper mass limit is likely
a feature also of holographic quantum effects in AdS black holes in higher dimensions.
To finish, we discuss a few other remaining issues and possibilities for further investigation.
Quantum bulk backreaction and strong cosmic censorship. In our study the bulk is
treated classically, which corresponds to the leading order limit of the CFT in an expansion
for large central charge c. Quantum bulk physics then gives corrections in inverse powers of c.
Our classical bulk is qualitatively very similar to the Kerr-AdS4 black hole, and so we expect
that perturbative bulk quantum corrections will be qualitatively like in Kerr-AdS4. That is,
the bulk black hole geometry will receive small corrections almost everywhere, in particular at
the outer event horizon, but the effects of the bulk quantum stress tensor will become large,
indeed divergent, when the inner Cauchy horizon is approached from the outside [34]. This
reasoning has been employed in [35] in order to argue that strong cosmic censorship is upheld
in the BTZ black hole. The question has acquired interest recently, after it has been shown in
[33, 36, 37, 34] that leading order perturbative quantum effects do not spoil the regularity of
the Cauchy horizon of BTZ. However, [35] argues that this smoothness will not survive effects
at the next perturbative order. In our holographic construction, the inner horizon of rotating
quBTZ is smooth, but bulk quantum effects will act on it as they do for Kerr black holes. That
is, they will enforce strong cosmic censorship in the bulk black hole, and consequently, also in
the quBTZ black hole on the brane.14 Let us emphasize that the presentation of this argument
in [35] is unaffected by the fact that it did not account for the global effects on rotating quBTZ
discussed in sec. 3.1.
14It seems unlikely to us that the presence of the brane can alter this conclusion. In the most extreme limit of
a tensionless brane, it simply acts as a Z2 projection on bulk fields. The divergence of the stress tensor present
in that case should not disappear when the bulk solution becomes less symmetric with tensional branes. We
acknowledge discussions with Jorge Santos on this point.
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Classical holographic proofs for quantum entropies. We have proven through a direct
calculation that the first law of quantum black holes holds for the specific quBTZ solutions, but it
seems very likely that a general holographic proof of (1.5) should be possible using only classical
theorems in the bulk, without any explicit solutions. It should indeed apply not only to Karch-
Randall constructions but also in generic braneworld holography, including asymptotically flat
Randall-Sundrum branes, where it has also been verified in explicit solutions [27]. As we have
mentioned, this is not obviously the same as a ‘bulk first law’ since M and J must be defined
with reference to the brane geometry. In flat-bulk (ADD) braneworlds, the bulk mass and spin
agree with their brane counterparts [38], and the same result should apply in Randall-Sundrum
braneworlds, owing to the fact that they recover the lower dimensional gravitational field of
a point mass, and also in Karch-Randall braneworlds with due care of the massive character
of their gravity. Then one should prove that these magnitudes satisfy a first law, with the
non-standard asymptotics of the bulk. This seems doable.
More broadly, other theorems for quantum entropies of solutions of the equations (1.1) can
be readily proven using holography. For instance, the second law for Squ, proven in [39] in the
perturbative expansion in ~, is in the holographic set up an immediate consequence of the bulk
second law; in fact, it is not a perturbative but an exact statement within the planar limit of
the CFT. It is also interesting to consider the bulk view of how Scl will not in general satisfy
a second law. For instance, if a black hole localized on the brane begins to slip away from
the brane, the area of the brane horizon, and hence Scl, will decrease, while the classical bulk
evolution guarantees that Squ will grow.
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Along these same lines, one can also envisage holographic proofs of theorems for quantum
extremal surfaces [24] by adapting theorems of classical extremal surfaces. For instance, the
classical theorem that the apparent horizon lies inside the event horizon will, under suitable
conditions, imply that quantum extremal surfaces on the brane are covered by event horizons.
Extended thermodynamics of quantum BTZ. In (3.49) we are only considering variations
in the parameters z and α while keeping ν and `3 fixed. Indeed the first law in the form (3.50)
does not hold for other variations. However, one may consider, in the spirit of ‘extended black
hole thermodynamics’ [40], identifying new ‘work’ terms so that a more general first law holds.
This would then be an extended thermodynamics for the quantum BTZ black hole. Presumably
it should reduce in the limit of zero backreaction to the classical form in [41].
Charge. The AdS C-metric has an extension to include electric or magnetic charge of the bulk
black hole [28]. The metric induced on a Karch-Randall brane is not that of the charged BTZ
black hole, but it is nevertheless another valid solution, with a bulk structure similar to that of
15Then the radiation entropy Sout will grow. This is intriguingly suggestive of a classical bulk dual of Hawking
evaporation [12, 11], but so far this picture has resisted attempts at being further substantiated. RE thanks
Nemanja Kaloper and Takahiro Tanaka for very many conversations on this topic.
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the Reissner-Nordstrom black hole. Much of the analysis in this paper can be extended to these
solutions, which should yield another class of holographic quantum black holes.
Entanglement islands. Finally, let us mention that since the backreaction of the quantum
fields is captured here in an explicit, analytic solution, the holographic construction of quBTZ
black holes can be used to study detailed aspects of entanglement islands, following the ideas in
[25].
In the future we hope to report on at least some of these problems.
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A Limit of no backreaction
Here we show that taking the limit ` → 0 in the AdS C-metric we recover a double Wick
rotation of the Kerr-AdS4 solution. This was the construction employed in [21] to obtain a
four-dimensional bulk solution with a BTZ black hole at its asymptotic boundary. As explained
in the main text, in this limit the brane tension becomes infinite and the brane moves towards
the asymptotic AdS4 boundary, where there appears a non-dynamical, classical BTZ geometry.
The holographic stress tensor is that of the dual CFT in this fixed background.
Sending `→ 0 in (3.1) we find
ds2 =
`2
x2r2
[
− H(r)
Σ(x, r)
(
dt+ ax2dφ
)2
+
Σ(x, r)
H(r)
dr2
+r2
(
Σ(x, r)
G(x)
dx2 +
G(x)
Σ(x, r)
(
dφ− a
r2
dt
)2)]
, (A.1)
where
H(r) =
r2
`23
+ κ+
a2
r2
, (A.2)
while G(x) and Σ(x, r) remain unchanged. The bulk cosmological constant `4 = ` appears as
an overall prefactor which we rescale so as to keep it finite. We can easily recognize that when
κ = −1 the metric induced at the boundary at x → 0, where G = Σ = 1, is that of a rotating
BTZ black hole (the bulk global structure is explained in sec. 3.1).
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Now let us perform a double Wick rotation of (A.1) by transforming coordinates
t = i`3
√
1 + aˆ2
1− aˆ2 Φˆ , φ = i
√
1 + aˆ2
1− aˆ2
(
aˆΦˆ− Tˆ
)
,
r = `3
aˆ√
1 + aˆ2
1
Xˆ
, x =
√
1 + aˆ2
1
Rˆ
, (A.3)
and parameters
a = `3
aˆ
1 + aˆ2
, µ =
µˆ
(1 + aˆ2)3/2
. (A.4)
We also set κ = −1. The metric (A.1) then takes the form
ds2 = `24
− ∆R
ξ2Ξ2
(
dTˆ − aˆ
2 − Xˆ2
aˆ
dΦˆ
)2
+
∆X
ξ2Ξ2
(
dTˆ − aˆ
2 + Rˆ2
aˆ
dΦˆ
)2
+ ξ2
(
dXˆ2
∆X
+
dRˆ2
∆R
) ,
(A.5)
where
∆R = (aˆ
2 + Rˆ2)(1 + Rˆ2)− µˆRˆ , ∆X = (aˆ2 − Xˆ2)(1− Xˆ2) ,
ξ =
√
Xˆ2 + Rˆ2 , Ξ = 1− aˆ2 . (A.6)
This is the Kerr-AdS4 solution in a coordinate system where Rˆ and Xˆ are treated on nearly
equal footing. It is still a two-parameter family given by µˆ and aˆ, and has an overall scale `4.
We can bring it to a more conventional form by further changing
Tˆ =
(
1− a
2
`24
)
T
`4
, Φˆ = Φ ,
Rˆ =
ρ
`4
, Xˆ =
a
`4
cos Θ , (A.7)
with
µˆ =
2m
`4
, aˆ =
a
`4
. (A.8)
Then (A.5) becomes
ds2 = −∆ρ
ζ2
(
dT − a
Ξ
sin2 Θ dΦ
)2
+
∆Θ sin
2 Θ
ζ2
(
adT − a
2 + ρ2
Ξ
dΦ
)2
+
ζ2
∆Θ
dΘ2 +
ζ2
∆ρ
dρ2 , (A.9)
with metric functions
∆ρ(ρ) =
(
a2 + ρ2
)(ρ2
`24
+ 1
)
− 2mρ , ∆Θ(Θ) = 1− a
2
`24
cos2 Θ ,
ζ(ρ,Θ) =
√
ρ2 + a2 cos2 Θ , Ξ = 1− a
2
`24
, (A.10)
and
m =
1
2ρ+
(ρ2+ + a
2)
(
1 +
ρ2+
`24
)
. (A.11)
This form of the Kerr-AdS4 metric was the starting point in [21], which we have then proven is
a limit of the construction in this paper.
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B Stress tensor in BTZ parameters
The holographic stress tensor can be usefully rewritten in what we refer to as ‘BTZ parameters’
r±, defined in terms of M and J as
r± =
`3
2
(√
8G3
(
M +
J
`3
)
±
√
8G3
(
M − J
`3
))
, (B.1)
or equivalently
8G3M =
r2+ + r
2−
`23
, (B.2)
8G3J =
2r+r−
`3
. (B.3)
These correspond to the radii of the outer and inner horizons in the BTZ black hole, which is
the zero backreaction limit ` → 0 of quBTZ (3.16). When ` 6= 0 the quantum backreaction to
the metric displaces these horizons away from their classical position (in terms of M and J), and
in that case r± are merely a convenient reparametrization of M and J and not horizon radii.
In principle it is possible to express the dependence of the stress tensor on M and J in terms
of only (r+, r−), but since it involves these in roots of cubics, there are limits to how much the
final expressions can be simplified. We deal with this by introducing (yet another) two new
auxiliary parameters, ξ and α˜, most simply defined as
− κx21 =
(
1 + α˜2
)
ξ,
ax21
`3
= α˜ ξ (B.4)
and which, using (3.17) and (3.18), are related to r± by
r+ = `3
2
√
ξ
(
1 + α˜2ξ
)
3 + ξ + α˜2(1− ξ)ξ , (B.5)
r− = `3
2α˜
√
ξ (1 + ξ)
3 + ξ + α˜2(1− ξ)ξ . (B.6)
In (3.21)-(3.25) the stress tensor is written in terms of r, which is related to the BTZ radial
coordinate r¯ as in (3.14). Making all the changes, the stress tensor takes the form
8piG3〈T t¯ t¯〉 = g(r±)
[
(r2+ + 2r
2
−)(r¯
2 − r2−)− 3α˜ r−r+
(
2r¯2 − r2− − r2+
)
+ α˜2
(
r¯2 − r2+
) (
r2− + 2r
2
+
)]
,
(B.7)
8piG3〈T φ¯φ¯〉 = −g(r±)
[
(2r2+ + r
2
−)(r¯
2 − r2−)− 3α˜ r−r+
(
2r¯2 − r2− − r2+
)
+ α˜2
(
r¯2 − r2+
) (
2r2− + r
2
+
)]
,
(B.8)
8piG3〈T t¯φ¯〉 = −3`3g(r±)r−r+
[
r¯2 − r2+ +
α˜
(
2r2−r2+ − r¯2
(
r2− + r2+
))
r−r+
+ α˜2
(
r¯2 − r2+
)]
, (B.9)
8piG3〈T φ¯t¯〉 =
3g(r±)r−r+
`3
[
r¯2 − r2− +
α˜
(
r4− + r4+ − r¯2
(
r2− + r2+
))
r−r+
+ α˜2
(
r¯2 − r2+
)]
, (B.10)
8piG3〈T r¯ r¯〉 = g(r±)
(
r2+ − r2−
) (
r¯2 − r2− − α˜2
(
r¯2 − r2+
))
, (B.11)
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where
g(r±) =
`
2`33
1 +
(
1 + α˜2
)
ξ + α˜2ξ2
ξ3/2
√
r2+ − r2−(
r¯2 − r2− − α˜2(r¯2 − r2+)
)5/2 . (B.12)
The complicated, implicit dependence on (r+, r−) of this last function is a reflection of how the
bulk geometry holographically solves for the properties of the CFT. The rest of the stress tensor
depends on (r+, r−) in a cleaner way, and in this form it is possible to compare this dependence to
that of the coefficients in (3.30)-(3.34) for free fields [20]. We leave this exercise to the interested
reader.
Observe that the value of r¯ at the ring singularity (3.15) that the metric (3.16) has when
` 6= 0, is given by
r2s =
r2− − α˜2r2+
1− α˜2 , (B.13)
and this is the only place where the stress tensor becomes singular.
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